HIGHER-ORDER ALEXANDER INVARIANTS OF PLANE ALGEBRAIC
CURVES

CONSTANCE LEIDY AND LAURENTIU MAXIM

ABSTRACT. We define new higher-order Alexander modules A,,(C) and higher-order de-
grees 0, (C) which are invariants of the algebraic planar curve C'. These come from analyzing
the module structure of the homology of certain solvable covers of the complement of the
curve C. These invariants are in the spirit of those developed by T. Cochran in [2] and S.
Harvey in [8] and [9], which were used to study knots, 3-manifolds, and finitely presented
groups, respectively. We show that for curves in general position at infinity, the higher-
order degrees are finite. This provides new obstructions on the type of groups that can
arise as fundamental groups of complements to affine curves in general position at infinity.

1. INTRODUCTION

The study of singular plane curves is a subject going back to the work of Zariski, who
observed that the position of singularities has an influence on the topology of the curve,
and that this phenomena can be detected by the fundamental group of the complement.
However, the fundamental group of a plane curve complement is in general highly non-
commutative, and thus difficult to handle. It is therefore natural to look for invariants of
the fundamental group that capture information about the topology of the curve, such as
Alexander-type invariants associated to various covering spaces of the curve complement.
By analogy with the classical theory of knots and links in a 3-sphere, Libgober developed
invariants of the total linking number infinite cyclic cover in [10, 13, 14] and those of the
universal abelian cover in [17, 16]. In this paper, we consider certain solvable covers of the
curve complement, and their associated Alexander invariants.

Using techniques developed by T. Cochran, K. Orr, and P. Teichner in [3], S. Harvey
(in [8]) and T. Cochran (in [2]) defined higher-order Alexander modules and higher-order
degrees associated to 3-manifolds and knots, respectively. They used these invariants to
show that certain groups cannot be realized as the fundamental group of the complement
of a knot, or as the fundamental group of a 3-manifold. In the present paper, we use the
same type of invariants to study the complement of complex plane algebraic curves. Our
main result shows that under certain restrictions on the curve, these invariants are uniformly
bounded. This provides a new obstruction on the groups being realizable as the fundamental
group of the complement to a plane curve.

1.1. Survey of results. Let C be a reduced curve in C?, and consider U, the complement of
C in C?, with G = m;(U). The multivariable Alexander invariant, studied in [16, 17] (but see
also [6]), is defined by considering the universal abelian covering space of U corresponding
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to the map G — G/[G,G] = Z*, where s is the number of irreducible components of the
curve. We continue this construction by taking iterated universal torsion-free abelian covers
of U corresponding to the maps G — G/G$n+1) = I, where G™ is the n'h-term in the
rational derived series of G (defined in §2 below). We define the higher-order Alexander
modules of the plane curve complement to be AZ(C) = H,(U;ZT,), and note that AZ(C)
is just the (integral) universal abelian Alexander module of C'. The following is a corollary
to Theorem 4.1, and provides an analogue to similar results from the infinite cyclic and
universal abelian cases:

Corollary 4.2. If C is a reduced curve in C2, that is in general position at infinity, AZ(C')
is a torsion ZI',,-module.

Furthermore, we consider some skew Laurent polynomial rings K, [t*!], which are obtained
from ZI',, by inverting the non-zero elements of a particular subring. The advantage of using
K,,[t*1] coefficients instead of ZI',, coefficients is that the former is a principal ideal domain.
We define the higher-order degree of C' to be 6,(C) = rkg, H,(U; K, [t=]).

Even though, in principle, the higher-order degrees may be computed by means of Fox
free calculus (cf. [8], §6), the calculations are tedious as they depend on a presentation of
the fundamental group of the curve complement. However, in the case that the curve is in
general position at infinity, we find a uniform upper bound on the higher-order degrees. In
particular, we prove the following result:

Theorem 4.1. Suppose C is a degree d curve in C%, such that its projective completion C
18 transverse to the line at infinity. If C' has singularities ¢, 1 < k <, then

(1.1) 6.(C) < Sh_ (u(Cyex) +2nk) +2g +d — 1,

where p(C,cy) is the Milnor number associated to the singularity germ at cy, ny is the
number of branches through the singularity ci, and g is the genus of the normalized curve.

As a direct corollary of the proof of Theorem 4.1, we also find a bound on the higher-order
degrees of the curve in terms of “local” degrees, 0k, for each singularity ¢; of C. The latter
were defined and studied by Harvey [8].

Theorem 4.5. If C satisfies the assumptions of the previous theorem, then
6,(C) < 1 (08 +2ny) + 29 + d,

where 6% = 6,(X}) is Harvey’s invariant of the link complement X, associated to the singu-
larity cy.

We view Theorem 4.5 as an analogue of the divisibility properties for the infinite cyclic
Alexander polynomial of the complement as shown in [13].

For irreducible curves, regardless of the position of the line at infinity, the higher-order
degrees are finite and thus the higher-order Alexander modules are torsion. However, if the
line at infinity is not transverse to the irreducible curve C, then the upper bounds mentioned
above will also include the contribution of the singular points at infinity (similar to [12],
Theorem 4.3).

To complete the analogy with the case of Alexander polynomials of the infinite cyclic
cover of the complement, we also provide an upper bound on §,(C) by the corresponding
higher-order Alexander invariant of the link at infinity (see Theorem 4.7). For a curve of
degree d, in general position at infinity, this is an uniform bound equal to d(d — 2).
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We conclude the paper with sample computations of higher-order degrees of plane curves,
also indicating some connections with the infinite cyclic and universal abelian invariants of
the curve. In passing we note that the higher-order degrees 9,,, at any level n, are sensitive
to the position of singular points (see Example 5.6). This fact alone gives an incentive to
look for examples of Zariski pairs that are distinguished by some 0, but not by any other
Alexander-type invariants. This will make the subject of future work by these authors.

1.2. Connections with other work. We end the introduction with presenting further
motivation for this work and connections with previous studies on invariants of the funda-
mental group of a plane curve complement.

Although in geometric problems the fundamental group of complements to projective
curves plays a central role, by switching to the affine setting (i.e. by removing also a generic
line) no essential information is lost. Indeed, if C' is the projective completion of C' and H
is the line at infinity, the two groups are related by the central extension

0—7Z— m(CP?— (CUH)) — 7 (CP* - C) — 0.

Moreover, as Oka proved (e.g., see [23], Lemma 2), the commutators of the two fundamental
groups (in the affine and resp. projective setting) coincide, therefore either of the two groups
can be used for computing the rational derived series of the fundamental group of the affine
complement.

Our finiteness result on the higher-order degrees provides also new obstructions on the
type of groups that can arise as fundamental groups of complements to affine hypersurfaces
in general position at infinity. Indeed, by a Zariski-Lefschetz theorem, possible fundamental
groups of complements to hypersurfaces in C" are precisely the fundamental groups of affine
plane curve complements. Note that for a general group, one does not expect the higher-
order degrees 6,, to be finite. For instance, for a free group with at least 2 generators the
free ranks r,, are positive (cf. [8], Example 8.2) therefore 6, is infinite.

Similar obstructions on fundamental groups of complements to affine plane curves were
previously obtained by Libgober and others (for a nice discussion on this topic in relation
with a question of Serre, the reader is advised to consult [15]). For example, from the study
of the total linking number infinite cyclic cover of the complement [10, 13], it follows that
the Alexander polynomial of the (affine) curve is cyclotomic. More precisely, for a curve
in general position at infinity this polynomial divides the product of the local Alexander
polynomials at the singular points, and its zeros are roots of unity of order d = deg(C). This
result already obstructs many knot groups from being realizable as fundamental groups of
complements to affine plane curves. More obstructions were derived by Libgober [16, 17]
and Arapura [1] from the study of the universal abelian cover of the affine complement. We
only mention here the powerful result of Arapura which states that the support (hence all
characteristic varieties) of the fundamental group of a plane curve complement is a union
of subtori of the character torus, possibly translated by unitary characters.

Our obstructions come from analyzing the solvable coverings associated to the rational
derived series of the fundamental group of the affine complement. It would be interesting at
this point to understand how the higher-order degrees are related to (or influenced by) the
invariants of the infinite cyclic or universal abelian covers of the complement. Proposition
5.1 already provides such a relation. In connection with the universal abelian cover, Libgober
proved that if the codimension (in the character torus) of support of the universal abelian



4 CONSTANCE LEIDY AND LAURENTIU MAXIM

Alexander module is greater than 1, then do(C') = 0. Of course, this assumption can only
be satisfied if the curve has at least 2 irreducible components, and it remains to understand
for what type of curves such a condition holds.

2. RATIONAL DERIVED SERIES OF A GROUP; PTFA GROUPS

In this section, we review the definitions and basic constructions that we will need from
[8] and [2]. More details can be found in these sources.

We begin by recalling the definition of the rational derived series {Gg)} associated to any
group G.

Definition 2.1. Let G = G. Forn > 1, define the n'* term of the rational derived series
of G by:
G = {g € G"V|gk € [V GV for some k € Z — {0}}.

We denote by I'), the quotient G/ G Since G is a normal subgroup of G for
0 <i <n ([8], Lemma 3.2), it follows that [',, is a group.

The use of rational derived series, as opposed to the usual derived series {G™}, is nec-
essary to avoid zero divisors in the group ring ZI',,. However, if G is a knot group or a free
group, the rational derived series and the derived series coincide ([8], p. 902). If G is a finite
group then G = G, hence T, = {1} for all n > 0.

The rational derived series is defined in such a way that the successive quotients G / Gt
are Z-torsion-free and abelian. In fact ([8], Lemma 3.5):

(2.1) G /G = (G /G, GM]) J{Z — torsion}.

If G = m(X) this says that G /GI"™ =~ H (Xy _,)/{Z — torsion}, where Xy _, is the

regular T,_j-cover of X. In particular, G/G) = G&O)/Gﬁ” ~ Hy(X)/{Z — torsion} =
75X,

Remark 2.2. If G is the fundamental group of a link complement in S? or that of a plane

curve complement, then GtV = gm (since there is no torsion in the first homology of the
complement).

Definition 2.3. A group ' is poly-torsion-free-abelian (PTFA) if it admits a normal series
of subgroups {1} = Go<G1<---<4G,, =T such that each of the successive quotients G;y1/G;
1s torsion-free abelian.

Remark 2.4. We collect here the following facts:

(1) Any subgroup of a PTFA group is a PTFA group.

(2) If T" is PTFA, then ZI is a right (and left) Ore domain (i.e., has no zero divisors and
ZI" — {0} is a right divisor set). Thus it embeds in its classical right ring of quotients IC, a
skew field ([2], Proposition 3.2).

(3) If R is an Ore domain and S is a right divisor set, then RS™! is flat as a left R-module.
In particular, K is a flat ZI'-module ([24], Proposition I1.3.5).

(4) Every module over K is a free module ([24], Proposition 1.2.3). Such modules have a
well-defined rank rki which is additive on short exact sequences.
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If Ais a module over an Ore domain R, then the rank of A is defined as rk(A) =
rkic(A ®g K), where K is the quotient field of R. In particular, A is a torsion R-module if
and only if A ®z K = 0.

Proposition 2.5. ([8], Corollary 3.6) For any group G, I';, = G/Gq(nnﬂ) is PTFA. Thus
71, embeds in its classical right ring of quotients, IC,,.

Suppose X is a topological space that has the homotopy type of a connected CW-complex.
Let ' be any group and ¢ : (X ) — I' be a homomorphism. We denote by X the regular
['-cover of X associated to ¢. If ¢ is surjective, this is the covering space associated to ker ¢.
(For details about the case where ¢ is not surjective, we refer the reader to §3 of [2].) Let
C(Xr;Z) be the ZI'-free cellular chain complex for Xr obtained by lifting the cell structure
of X. If M is a ZI'-bimodule, then define:

H.(X;M)=H.(C(Xr;Z) ®zr M)
as a right ZI'-module.
Proposition 2.6. ([3], Proposition 2.9) Let X be a connected CW-complex and I" a PTFA

group. If ¢ : m(X) — I is a non-trivial coefficient system, then Hy(X;ZI') is a torsion
Z1"-module.

Proposition 2.7. ([2], Proposition 3.10) Let X be a connected CW-complex and I' be a
PTFA group. Suppose m(X) is finitely generated and ¢ : m(X) — T' is a non-trivial
coefficient system. Then rk (Hy(X;ZI")) < 51(X)—1, where $1(X) is the first Betti number
of X. In particular, if $1(X) =1 then H1(X;ZT') is a torsion ZI'-module.

3. DEFINITIONS OF NEW INVARIANTS

Let C be a reduced curve in C?, defined by the equation: f = f;--- f, = 0, where f; are
the irreducible factors of f, and let C; = {f; = 0} denote the irreducible components of
C. Embed C? in CP? by adding the plane at infinity, H, and let C' be the projective curve
in CP? defined by the homogenization f* of f. We let C; = {f* =0}, i =1,---,s, be
the corresponding irreducible components of C. Let U be the complement CP* — (C'U H).
(Alternatively, 4 may be regarded as the complement of the curve C' in the affine space
C2.) Then H;(U) is free abelian generated by the meridian loops v; about the non-singular
part of each irreducible component C;, for i = 1,--- s (cf. [4], (4.1.3), (4.1.4)). If 74
denotes the meridian about the line at infinity, then the equation v, + >_;_, diy; = 0 with
d; = deg(f!"), holds in Hy(U).

3.1. Higher-order Alexander modules. We let G = m(U), I, = G/G7(~H+1), and IC,, be
the classical right ring of quotients of ZI',,.

Definition 3.1. We define the higher-order Alexander modules of the plane curve to be:
AZ(C) = H,(U; ZT,,) = Hy(Ur,; Z)
where Ur, is the covering of U corresponding to the subgroup G That is, AZ(C) =
G IGUY G as g right ZT,-module.
Definition 3.2. The n'* order rank of (the complement of ) C' is:
a(C) = rkAZL(C).
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Remark 3.3. (1) Note that AZ(C) = G&l)/[GE}),GS})] = G'/G", by Remark 2.2. This is
just the universal abelian invariant of the complement.

(2) AZ(C)/{Z — torsion} = GV /Gt

(3) If C is irreducible, then 3;(U4) = 1. By Proposition 2.7, it follows that AZ(C) is a
torsion module.

In Corollary 4.2, we show that under the assumption of transversality at infinity, the
module AZ(C') is a torsion ZI',-module. Therefore, r,,(C) = 0.

Since U is a 2-dimensional affine variety, it has the homotopy type of a 2-dimensional CW-
complex. Thus the modules Hy(U; ZI',,) are trivial for k > 2 and Hy(U; ZT',,) is a torsion-free
ZT,-module. Moreover, we will show that in our setting, the rank of Hy(U;ZIl',) is equal
to the Euler characteristic of the complement, .

Remark 3.4. Assume that the universal abelian Alexander module of the complement is
trivial, i.e. AZ(C) = 0. (Note that this is the case if G is abelian or finite.) Then all
higher-order Alexander modules AZ(C') = 0, for n > 1, are also trivial. Indeed, by Remark

22, G =GV and AZ(C) = G'/G". Tt follows that G™ = G' = G, for all n > 1. From
the definition of the rational derived series, it is now easy to see that G = @ for all n > 1.

Therefore AZ(C') = GG Gt > @G = 0, for all n > 0.

Y

Example 3.5. (1) If C is a non-singular curve in general position at infinity, then m (U) = Z
(cf. [12]), hence abelian. By the above remark, it follows that AZ(C) = 0, for all n > 0.
(2) Suppose U is the complement in C* of a union of two lines. Then m(U) is Z?. Hence
AZ(C) = 0 for all n > 0.

(3) If C'is a reduced curve having only nodes as its singularities (i.e., locally at each singular
point, C' looks like 72 — y2 = 0), then it is known that 7 (CP? — () is abelian (e.g., see
[23]), thus has trivial commutator subgroup. Under the assumption that the line at infinity
is generic, this implies that the commutator subgroup of () is also trivial ([23], Lemma
2), so m1(U) is abelian. Now from Remark 3.4 it follows that AZ(C) = 0, for all n > 0.

3.2. Localized higher-order Alexander modules. In this section we define some skew
Laurent polynomial rings K, [tﬂ], which are obtained from ZI',, by inverting the non-zero
elements of a particular subring described below. This construction is used in [8] and [2]
and is described in algebraic generality in [9]. We refer to those sources for the background
definitions.

Recall our notations: G = m(U), I';, = G/ G and K, is the classical right ring of
quotients of ZI',,. Let ¢ € H'(G;Z) = Homgz(G,Z) be the primitive class representing the

linking number homomorphism G 4, Z, a — Ik(a, C). Since the commutator subgroup of
G is in the kernel of 1, it follows that 1/ induces a well-defined epimorphism v : ', — Z.
Let T, be the kernel of 9. Since T, is a subgroup of I',, by Remark 2.4, T, is a PTFA
group. Thus ZI',, is an Ore domain and S, = ZI[,, — {0} is a right divisor set of ZL,. Let
K, = (ZT',)S; ! be the right ring of quotients of ZIT',,, and set R, = (ZI',)S; .

If we choose a t € T, such that (t) = 1, this yields a splitting ¢ : Z — T',, of 1. As in
Proposition 4.5 of [8], the embedding ZT',, < K,, extends to an isomorphism R, — K, [t*'].
(However this isomorphism depends on the choice of splitting!) It follows that R, is a non-
commutative principal left and right ideal domain, since this is known to be true for any
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skew Laurent polynomial rings with coefficients in a skew field ([2], Proposition 4.5). Also
note that by Remark 2.4, R,, is a flat left ZI',,-module.

Definition 3.6. The n'*-order localized Alezander module of the curve C' is defined to be
A, (C) = Hi(U; R,), viewed as a right R,-module. If we choose a splitting ¢ to identify R,
with K, [t*], we define A2(C) = Hy(U; K, [tE]).

Definition 3.7. The n*-order degree of C is defined to be:

0, (C) = 1k, A, (C)
Remark 3.8. For any choice of ¢, kg, A,(C) = rkg, A%(C). So although the module
A?(C) depends on the splitting, the rank of the module does not.

The degrees 0,,(C) are integral invariants of the fundamental group G of the complement.
Indeed, we have (cf. [9], §1):

(3.1) 0u(C) = ks, (GIV/[GIY, GV @41, Ka)

Furthermore, for any choice of splitting ¢, since K, [t¥!] is a principal ideal domain, there
exist some nonzero p;(t) € K, [t*], i = 1,--- ,m, such that:
K [til]

¢ ) =~ m _ —nlr 1 Kn til rn(C)
‘An( ) (EBz:lpi(t)Kn[til] ® [ ]
Therefore, 6, (C) is finite if and only if one of the equivalent statements is true:

(1) r,(C) = rke, H1(U; K,,) = 0.

(2) A,(C) is a torsion R,-module.

(3) For any ¢, A?(C) is a torsion K, [t*!]-module.

(4) AZ(C) is a torsion ZI',-module.
If this is the case, then 6, (C) is the sum of the degrees of the polynomials p;(t).
Remark 3.9. It is interesting to note that if C' is irreducible, then §,(C') is the degree of the
Alexander polynomial of C'. (The latter was defined and studied by Libgober in a sequence

of papers [10, 11, 12, 13, 14].) Indeed, this follows directly from the above definition or from
(3.1), since in the irreducible case we have that Iy = 0, therefore Ky = Q.

The invariant §,(C) is difficult to calculate, in general. However, the special case of
weighted homogeneous affine curves is well understood:

Proposition 3.10. Suppose C is defined by a weighted homogeneous polynomial f(x,y) =0
in C%, and assume that either n > 0 or By(U) > 1. Then we have:

(3.2) 0 (C) = p(C,0) — 1,
where u(C,0) is the Milnor number associated to the singularity germ at the origin. If
B1(U) =1, then §o(C) = u(C,0).
Proof. The key observation here is the existence of a global Milnor fibration (see for example
[4], (3.1.12)):

F={f=1}>uU=c2-cLc,
and the fact that I’ is homotopy equivalent to the infinite cyclic cover of U corresponding to
the kernel of the total linking number homomorphism . The I',-cover of U factors through
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the infinite cyclic cover corresponding to 1, which is homotopy equivalent to F. It follows
that there is an isomorphism of K,-modules:

H.(U; R,) = H(F;K,).

In particular,

571(0) = I'kKnHl(F; Kn)
Since F' has the homotopy type of a 1-dimensional CW complex, Hy(F;K,,) = 0. Moreover,
if either n > 0 or B, (U) > 1, the coefficient system 7 (F) — T, is non-trivial. Hence, by
Proposition 2.6, Hy(F;K,) = 0. It follows, in this case, that

6n(C) = —x(F) = u(C,0) — 1.

On the other hand, if §;(U) = 1, then rkg,Ho(F;Ko) = rkoHo(F;Q) = 1. Hence, if
[

Example 3.11. Since f(z) = 2° — y* is a weighted homogeneous polynomial, if C' is the
curve defined by f = 0, it follows from Proposition 3.10, that §y(C') = 2 and 4,,(C) =1 for
n > 0.

Remark 3.12. Due to the existence of Milnor fibrations, we note that formula (3.2) holds for
the case of any algebraic link, by replacing U by the link complement and §,,(C) by Harvey’s
invariant of the algebraic link. For a more general discussion on fibered 3-manifolds, see [§],
Proposition 8.4, 8.5.

Remark 3.13. As noted in [8], §6 and §8, the higher-order Alexander invariants r,(C')
and 0,(C) can be computed from a presentation of the fundamental group of the curve
complement, by means of Fox free calculus.

4. UPPER BOUNDS ON THE HIGHER ORDER DEGREE OF A CURVE COMPLEMENT

In this section, we find upper bounds for 6,,(C). In Theorem 4.1, we find an upper bound
in terms of the Milnor number of each singularity. In Theorem 4.5, we express this bound
in terms of the Harvey’s invariants, 8, associated to each of the singular points of C. This
result is analogous to the divisibility properties for the infinite cyclic Alexander polynomial
of the complement (e.g., see [11, 12, 13, 19]). As a corollary to these theorems, we have that,
if C'is a curve in general position at infinity, then ¢, (C) is finite, and therefore A, (C) is a
torsion ZI',,-module. We also give an upper bound for §,,(C) in terms of the higher-order
degrees of the link at infinity.

Theorem 4.1. Suppose C' is a degree d curve in C? such that its projective completion C
1s transverse to the line at infinity H. If C has singularities cx, 1 < k <[, then

(4.1) 5(C) < They (1(Cucx) +2m) + 29 +d — 1.

where w(C,cy) is the Milnor number associated to the singularity germ at cy, ng is the
number of branches through the singularity cx, and g is the genus of the normalized curve.

Before proving Theorem 4.1, we state an immediate corollary.

Corollary 4.2. If C is a plane curve in general position at infinity, then 6,(C) < oo, i.e.,
AZL(C) is a torsion ZI',-module.
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Remark 4.3. Note that the upper bound in (4.1) is independent of n.

Remark 4.4. If ' is an irreducible curve, then independently of the position of the line
at infinity, we have that 5, (U) = 1. By Proposition 2.7, it follows that AZ(C) is a torsion
module. However, if the curve C' is not in general position at infinity, then the upper bound
on 6,(C) also includes the contribution of the ‘singularities at infinity’ (similar to Theorem
4.3 of [12]).

Proof. We first reduce the problem to the study of the boundary, X, of a regular neighbor-
hood of C' in C2. In order to do this, let N(C) be a regular neighborhood of C' inside CP?
and note that, due to the transversality assumption, the complement N(C)—(CUH) can be
identified with N(C') — C, where N(C) is a regular neighborhood of C'in C2. But N(C)—C
retracts by deformation on X = dN(C). Now by the Lefschetz hyperplane section theorem
([4], page 25), it follows that the inclusion map induces a group epimorphism
m(X) - m(U)

(the argument used here is similar to the one used in the proof of Theorem 4.3 of [12]).
It follows that m(Xr,) — m(Ur,). Hence, Hy(X;ZI',) — H,(U;ZI',). Since R, is a flat
ZI'y-module, there is an R,-module epimorphism H,(X; R,) - H;(U; R,). Therefore, we
have:

0n(C) =rtkg, Hi(U; R,) < rkg, Hi(X; R,).
Hence, it is sufficient to bound above the right-hand side of the above inequality. This will
follow by a Mayer-Vietoris sequence argument.

Let F' be the (abstract) surface obtained from C' by removing disks Dy U---U D, around
each singular point ¢, of C. Let N = F x S'. The boundary of N is a union of disjoint
tori TF U --- U T,’fk for kK = 1,--- 1, where [ is the number of singular points of C. For
each singular point ¢;, of C' we let (S3, L) be the link pair of ¢z, and denote by X, the link
exterior, S; — L. Then X is obtained from N by gluing the link exteriors X} along the tori
TFfori=1,--- ,n:

X = N Uppr (Ujo Xg)-
The gluing map sends each longitude of Lj to the restriction of a section in N, and each
meridian to a fiber of N.

We consider the Mayer-Vietoris sequence in homology associated to the above cover of X

and with coefficients in R,;:

- — @ Hy(TF R,) 5 Hy(N; R,) @ (&4_ Hy(Xi; Ry)) — Hy(X; R,)
— @, Ho(T]'s Ry) — Ho(N; R,) @ (@)1 Ho(Xi; Ry)) — Ho(X;R,) — 0
From Remark 2.4, we have:
rkg, Hi(X: R,) = rkg, Hi(N; R,)) + X4 _ rkg, Hy (X Ry) — Seorke, Hi(TF; R,,)
(4.2) +rkg, ker(W) 4+ Xy kg, Ho(TF; R,) — kg, Ho(N; R,,)
—3t_rkg, Ho(Xp; Ry) + kg, Ho(X; Ry).

Recall that, for each singular point ¢, of C, the coefficient system R, on X} is induced
by the following composition of maps:

Ly (Xy) — Zmi(X) — Zm(U) — ZT,, — R,,.
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Since each X, fibers over S with Milnor fiber F},, the I',-cover of X}, factors through the
infinite cyclic cover of X which is homeomorphic to Fj, x R. Therefore we have the following
isomorphisms of K,,-modules:

Since Fj has the homotopy type of a wedge of circles, Hy(F};K,) = 0. Therefore,
X(Fy) = —rkg, Hi(Fy; K,,) + rkg, Ho(Fi; K,,) = —rkg, H1(Xk; Ry) + rkg, Ho(Xy; Ry).

Similar, since N = F' x S!, the I',-cover of N factors through the infinite cyclic cover of N
which is homeomorphic to F' x R. So if F}, denotes the corresponding I',,-cover of F', then
F,, is a non-compact surface and we have Hy(F;K,,) = 0. Therefore:

X(F) = —rkg, H1(F;K,) + kg, Hy(F; K,,) = —rkg, H1(N; R,,) + rkg,, Ho(N; R,,).
Finally, for each k and i, we have:
0= x(S") = —rkg, H, (S K,) + rkx, Ho(S"; K,,) = —vkg, H,(TF; R,,) + rkg, Ho(TF; R,,).
Now we can rewrite equation (4.2) as follows:
(4.3) kg, H1(X; R,) = =YL _ x(F)) — x(F) + rkg, ker(¥) + kg, Ho(X; R,,).

Since m(X) — 7(U) — I',, is an epimorphism, it follows that the I',-cover of X is
connected, thus yielding that rkx, Ho(X; R,,) = 1.

Since U : @y H1(TF; R,) — H1(N; R,,), it follows that rky, ker(V) < % ;vkx, H1(TF; R,,).
For each k and i, we have that:

kg, Hy(TF; R,) = kg, Ho(T"; R,) = tkg, Ho(S"; K,) < 1,

since S' is connected. Therefore, rky, ker(¥) is less than or equal to the number of tori,
which is ¥!_ n; where ny is the number of branches through the singularity c;. From
equation (4.3) we have the following:

(4.4) kg, Hi (X; Ry) < 24 (—x(Fx) +nx) — x(F) + 1.

Furthermore, —x(F)) = u(C,c;) — 1 and —x(F) < 29 + >, ni, + d — 1, where g is the
genus of the normalized curve and d is the degree of the curve, i.e. the number of ‘punctures
at infinity’. It follows that:

0n(C) < vk, Hi(X; Ry) < By ((Cex) + 2ny) + 29 +d — 1.
U

As a corollary of the proof of Theorem 4.1, we obtain the following relation between the
higher-order degrees of C' and the ”local” degrees at singular points:

Theorem 4.5. Suppose C is a degree d curve in C2, such that its projective completion C
1s transverse to the line at infinity, H. If C' has singularities ¢, 1 < k <1, then

6 (C) < 2L (6F + 2np) + 29 + d,

where 6% = 6,,(X}) is Harvey’s invariant of the link complement Xy associated to the singu-
larity ci, ny is the number of branches through the singularity cx, and g is the genus of the
normalized curve.
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Proof. We have equation (4.4) in the above proof:
rkac, Hi (X5 Rp) < Sz (—x(Fy) + 1) — x(F) + 1.
Furthermore, —x(F) < 2g+ ), ny +d — 1. From Proposition 8.4 of [8], we have
55 = 5. (Xy) = {_X(Fk> ?fn #0or /1 (Xg) #1,
1 —x(Fy) ifn=0and f(Xg) =1
In particular, —x(F}) < 6%, which proves the theorem. O

We can also give a topological estimate for the rank of the torsion-free ZI',-module
Hy(U;ZT,,):

Corollary 4.6. If C' is a plane curve in general position at infinity, the rank of the torsion-
free ZT,-module Ho(U;ZT,) is equal to the Euler characteristic x(U) of the curve comple-
ment.

Proof. Let C be the equivariant complex
0—-Cy—C,—C;—0

of free ZI',,-modules, obtained by lifting the cell structure of U to U, , the I',-covering of
U. Then x(C) = x(U). On the other hand,

2 2
X(€) = (=1)'rke, Hi(C ®zr, Kn) = Y (=1)'rkH;(C).
=0 =0
Therefore, by Proposition 2.6 and Corollary 4.2, it follows that x(C) = rkHs(U;ZT",)) and
the claim follows. U

We end this section by relating the higher-order degrees of a curve C' to the higher-order
degrees of its link at infinity. We prove the following theorem, similar in flavor to results on
the infinite cyclic and universal abelian Alexander invariants (see [11, 12, 13, 6, 19]):

Theorem 4.7. Let C be an affine plane curve, and let S, be a sphere in C? of a sufficiently
large radius (that is, the boundary of a small tubular neighborhood in CP? of the hyperplane
H at infinity). Denote by Csy = S2 N C the link of C at infinity, and let X, be its
complement S3 — Cy,, with G, = m(X).

We define 62° to be the K,,-rank of Hi(Xw; Ry), where the coefficient system is induced
by the map 2.G o, — ZG — ZI';, — R,,. Then:

(4.5) 5,(C) < 6.

Proof. We note that there is a group epimorphism G, — G. Indeed, X, is homotopy
equivalent to N(H) — (C'U H), where N(H) is a tubular neighborhood of H in CP? whose
boundary is S3.. If L is a generic line in CP?, which can be assumed to be contained in
N(H), then by the Lefschetz theorem, it follows that the composition

m(L—LN(CUH)) — m(N(H) - (CUH)) — m(CP* - (CUH))

is surjective, thus proving our claim (this is the same argument as the one used in [12],
Theorem 4.5).



12 CONSTANCE LEIDY AND LAURENTIU MAXIM

It follows that there is a ZI',,-module epimorphism
H{(Xoo; Z1,) — H{(U;ZT,).
Since R, is a flat ZI',-module, we also get a R,-module epimorphism:
Hi(Xoo; Rn) — Hi(Us Ry).

This proves the inequality (4.5).
0

For a curve in general position at infinity, this yields a uniform upper bound on the
higher-order degrees of the curve, which is independent of the local type of singularities and
the number of singular points of the curve:

Corollary 4.8. If C' is a curve of degree d, in general position at infinity, then:
(4.6) 0,(C) <d(d—2), foralln.

Proof. The claim follows by noting that if C' is transverse to the line at infinity, then C
is the Hopf link on d components (i.e., the union of d fibers of the Hopf fibration), thus
an algebraic link. By the argument used in the proof of Proposition 3.10, it follows that
02° = lieo — 1, where o is the Milnor number associated to the link at infinity. On the
other hand, i is the degree of the Alexander polynomial of the link at infinity, so it is
equal to d(d —2) + 1 (cf. [13]). The inequality (4.6) follows now from Theorem 4.7.

O

5. EXAMPLES

In this section, we calculate the higher-order degrees for some of the classical examples
of irreducible curves, including general cuspidal curves, Zariski’s sextics with 6 cusps, Oka’s
curves, and branched loci of generic projections.

We begin with the following:

Proposition 5.1. Let C' C C? be an irreducible affine curve. Let G = m;(C* — C), and
denote by Ac(t) the Alexander polynomial of the curve complement. If Ac(t) = 1, then
6.(C) = 0 for all n. Moreover, in this case, AZ(C) = AL(C) as Z|G/G'|-modules, for all n.

Proof. As C'is an irreducible affine curve, we have G/G’ = Z. Hence G’ = (... The Alexan-
der polynomial Aq(t) is the order of the infinite cyclic (and universal abelian) Alexander
module of the complement, that is G'/G"” ® Q, regarded as a Q[Z]-module under the action
of the covering transformations group G/G" (cf. [10, 13, 14]). Since C is irreducible, the
infinite cyclic Alexander module is a torsion Q[t, ¢ ']-module, regardless of the position of
the line at infinity (cf. [10]). In this setting, Ac(t) can be normalized so that A (1) = 1.

The triviality of the Alexander polynomial means that the universal abelian module
G'/G" ® Q is trivial, i.e. G'/G" is a torsion abelian group. By (2.1), we obtain:

G. /G = (GG, G.])/{Z — torsion} = (G'/G") /{Z — torsion} = (.
Hence G = G/ = G'. Tt follows by induction that G = @, for all n > 0. Therefore, for

any n,

AL(C) = GV /(G Gl = GG = AT(O).
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Now recall that the higher-order degrees of C' may be defined by (3.1):
571(0) — dlmKn (G(n+1)/[G(n+1)’ G(n+1)] ®an Kn) 7

where T',, is the kernel of T, Y7 =a /G'. The map ¢ is induced by the total linking
number homomorphism, which in our setting is just the abelianization map G — G/G' = Z
It follows that for all n we have: I',, = G/G$n+1) =G/G", T, = G'/ngﬂ) =0, and K,, = Q.
Therefore, for all n,
5,(C) = dimg (G'/G" ®7 Q) = 0.
O

Note that if the commutator subgroup G’ is either perfect (i.e. G’ = G”) or a torsion
group, then the Alexander polynomial of the irreducible curve C' is trivial. In particular,
this is the case if GG is abelian. The following examples deal with each of these cases.

Example 5.2. Let C C CP? be an irreducible curve of degree d which has a cusps (these are
locally defined by the equation 2% = 3®) and b nodes as the only singularities. If d > 6a+ 2b,
then by a result of Nori (cf. [21], but see also [14]), it follows that 7 (CP? — C) is abelian.
If we choose a generic line H ‘at infinity’ and set C' = C' — H, then as in 3.5 it follows that
71 (C? — C) is also abelian. Hence all higher-order degrees of C' vanish.

Proposition 5.3. Let C' C CP? be a degree d irreducible cuspidal curve, i.e. it admits as
singularities only nodes and cusps. Choose a generic line H C CP? and set C :=C — H
and G = m(C* — C). If d # 0 (mod 6), then all higher-order degrees of C' vanish.

Proof. This follows from Proposition 5.1 combined with Libgober’s divisibility results for the
Alexander polynomial of a curve complement (see for instance [13], Theorem 4.1). Indeed,
the Alexander polynomial of a cusp is t> — ¢ + 1, that of a node is t — 1, and we use the
fact that the Alexander polynomial of an irreducible curve C' can be normalized so that
Ac(1) = 1. Moreover, by our assumption of transversality at infinity, all zeros of Ax(t) are
roots of unity of order d. O

Here is a more concrete example:

Example 5.4. Zariski’s three-cuspidal quartic.

Let C C CP? be a quartic curve with three cusps as its only singularities. Choose as
above a generic line H, and set C = C' — H. Then the fundamental group of the affine
complement is given by:

G =m(C*—C) = (a,b | aba = bab, a* = b*).

It is easy to see (using for example a Redemeister-Shreier process, see [18]) that G’ = Z/3Z.
It follows by Proposition 5.1 that 6,(C) = 0, for all n. Moreover, the integral higher
Alexander modules are given by: A%(C) = Z/3Z, for all n.

Remark 5.5. If C' C CP? is an irreducible quartic curve, but not a three-cuspidal quartic,
then the fundamental group m (CP? — C) is abelian (cf. [4], Proposition 4.3). If H is a
generic line, and C = C' — H, then by [23], Lemma 2, it follows that 7 (C? — C) is also
abelian. Thus all higher-order degrees of such a curve vanish. Based on this observation
and the previous example, it follows that the higher-order degrees of any irreducible quartic
curve are all zero.
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In what follows, we give examples of curves having (some) non-trivial higher-order degrees.
The key observation in these examples is the fact that the higher-order degrees of an affine
curve are invariants of the fundamental group of the complement, see (3.1).

Example 5.6. Sextics with sixz cusps.

(a) Let C C CP? be a curve of degree 6 with 6 cusps on a conic. Fix a generic line, H,
and set C' = C'— H. Then m;(C? — C) = 7;(CP? — C'U H) is isomorphic to the fundamental
group of the trefoil knot, and has Alexander polynomial t> —¢+1 (see [10], §7). By Remark
3.12, the higher-order degrees of C' are the same as Cochran-Harvey higher-order degrees
for the trefoil knot, i.e. §o(C) =2, and 6,(C) =1 for all n > 0.

(b) Let C C CP? be a curve of degree 6 with 6 cusps as its only singular points, but
this time we assume that the six cusps are not on a conic. Then 7 (CP? — C) is abelian,
(isomorphic to Zg x Zs3). Assuming the line H as above is generic and setting ¢ = C' — H,
this implies that 7 (C? — C') is abelian as well. Therefore, §,(C) = 0 for all n > 0.

From (a) and (b) we see that the higher-order degrees of a curve, at any level n, are also
sensitive to the position of singular points. An interesting open problem is to find Zariski
pairs that are distinguished by some d;, but not distinguished by any 9,, for n < k.

Example 5.7. Oka’s curves. B

M. Oka [22] has constructed the curves C,, C CP? (p,q - relatively prime), with pq
singular points locally defined by

¥ +y? =0,
such that m (CP? — C,,) = Z, * Z,. In fact, the curve C,, is defined by the equation:
(@ +y") + (v + 29" = 0.

Fix a generic line H C CP?, and set C,, = C, ,—H. Then 7, (C*-C,,) = m(CP>*-C, ,UH)
is isomorphic to the fundamental group of the torus knot of type (p,q). The associated
Alexander polynomial is (see for instance [10], §7):
(P71 —1)(t—1)
(tr —1)(t1 — 1)
By Remark 3.12 and Proposition 3.10, we obtain: §y(C,,) = degA(t) = (p —1)(¢ — 1), and
9,(Cpq) =pqg —p — q for all n > 0.

Alt) =

Example 5.8. Branching curves of generic projections. Braid groups.

Let V;, be a degree k non-singular surface in CP? and « : V;, — CP? be a generic projection.
If C, € CP? denotes the branching locus of «, then Cj is an irreducible curve of degree
k(k —1) with k(k — 1)(k — 2)(k — 3)/2 nodes and k(k — 1)(k — 2) cusps. In the case k = 3,
one obtains as branching locus the six-cuspidal sextic with all cusps on a conic.

If C}, is the affine curve obtained from C}, by removing the intersection with a generic line,
then Moishezon [20] showed that m;(C? — C%) is Artin’s braid group on k strands, By,. The
Reidemeister-Schreier process [18] leads to the explicit computation of Bj,/Bj. For k > 5,
B;./B} = 0, hence Cy has a trivial Alexander polynomial. By Proposition 5.1 we obtain
that 6, (Cx) = 0, for all n > 0. For & = 3, B3 is the fundamental group of the trefoil knot,
so by Example 5.6(a) we obtain: §y(C3) = 2 and §,(C3) =1 for all n > 0.

The case k = 4 requires more work. Here we will only calculate d, and ¢; of the corre-
sponding curve Cy. The Alexander polynomial of Cy is t* —t +1 (see for example [13]), thus
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Jo(C4) = 2. A presentation for the braid group on four strands is:
B, = <01,U2703‘0103 — 0301,010201 = 020102,020302 = 030203 >

By using Reidemeister-Schreier techniques, we can obtain a presentation for Bj. (This was
calculated in [7].)

B, = (p,q,a,b,clpap™ = b,pbp~ " = b*c,qaq "t = c,qbq” ! = a"'c,c = a~'b),

where p = 0207}, ¢ = 0109072, a = 0307 ', b = 090, ‘030, ", and ¢ = 010907 2030105 oyt
Then, B)/Bi = 7Z @ Z, generated by p and ¢g. Notice that since B)/BJ is torsion-free,
(B4)! = BJ. Hence by (3.1), we have:

oy = rkKl (BZ/BZ/ Qzr, Kl) )

where 'y = ker(¢) : By/BY — By/B}) = B}/B}. Therefore, we must understand BY/B!" as
a Z[p*!, ¢*']-module, and then determine the rank as a Q(p, q)-vector space.
Again using Reidemeister-Schreier techniques, we calculate a group presentation for BY:

" __ _ -1 _ -1 _ 2
4= </J1;,j7 Oéi,j|/)i,0 =1, Pij®it1,5P; 5 = Qi jQij+1, Pijit1,5+1055 = X5 (ai,j+1> )

igrz = (i)’ o) i),
where p; ; = p¢pgIp~ ) and a;; = p'¢agIp~". Notice that p and ¢ act on B} by
conjugation. Furthermore, p * (¢ * ) = pgj(q * (p*7y))poa, for all v € B}. Hence although
the actions of p and ¢ do not commute in BY, they do commute in BYf/B}’. In particular,
B!/B}" is indeed a Z[p*!, ¢*!]-module.

We have the following presentation for B}/Bj" as an abelian group:

/i "
BY/BY" = (pij, qijlpio = 0,iv1j = qijtai i1, Qigr g = Qij+206 541, Qijra = 30 11— ).
+1 il]
b

To get a presentation as a Z[p -module, we note that:

q

J
Pij = H(plqj_k * po,1), for j > 1,

k=1
—Jj

Pij = H(piqj_prk *poa), for j < -1,
k=1

Pio = 07

;= p'q’ * apyp, for alli,j € Z.

Therefore, as a Z[p*!, ¢*']-module, B} /B’ is generated by py; and agg. Furthermore, pg 1
generates a free submodule, while oo generates a torsion submodule. Hence the rank as a
Q(p, q)-vector space is 1. Therefore, §;(Cy) = 1.

Note. The background material on the constructions mentioned in this example are
beautifully explained in Libgober’s papers [13] and [14]. In particular, the latter contains a
summary of Moishezon’s results [20].
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